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In this note, the existence of self-dual codes and formally self-dual even codes
is investigated. A construction for self-dual codes is presented, based on extending
generator matrices. Using this method, a singly-even self-dual [70, 35, 12] code is
constructed from a self-dual code of length 68. This is the first published example
of a singly-even [70, 35, 12] code. Constructions are also given for formally self-
dual even codes. Extremal formally self-dual even codes are constructed.  1997
Academic Press
1. INTRODUCTION
An [n, k] linear code C over GF(q) is a k-dimensional vector subspace
of GF(q)n, where GF(q) is the Galois field of q elements. The elements
of C are called codewords and the weight of a codeword is the number of
nonzero coordinates. An [n, k, d] code is an [n, k] code with minimum
(nonzero) weight d. Two codes C and C9 are equivalent if there exists a
monomial matrix M over GF(q) such that C9 5 CM. The weight enumerator
WC(y) of a code C is given by WC(y) 5 o
n
i50 Aiyi, where Ai is the number
of codewords of weight i in C. The numbers A0 , . . . , An are called the
weight distribution of C.
The dual code C' of C is defined as C' 5 hx [ GF(q)n u x ? y 5 0 for all
y [ Cj. A code C is self-dual if C 5 C'. A code C is formally self-dual if
the codes C and C' have identical weight distributions. Self-dual codes are
formally self-dual, but there are formally self-dual codes which are not self-
dual. A formally self-dual code is divisible if there exists a positive integer
d . 1 such that d divides all the nonzero weights in the code. The most
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interesting self-dual codes or formally self-dual codes are divisible. The
Gleason–Pierce theorem characterizes the fields for which there exists a
formally self-dual divisible code.
THEOREM 1 (Gleason–Pierce). Suppose C is a formally self-dual divisi-
ble code over GF(q). Then one of the following holds:
Type I: q 5 2 and d 5 2,
Type II: q 5 2 and d 5 4,
Type III: q 5 3 and d 5 3,
Type IV: q 5 4 and d 5 2 or
Type V: a repetition code over any field.
The trivial Type V codes are not considered in this note. For Types II, III,
and IV, a formally self-dual divisible code is also self-dual (cf. [5]). In this
note, the existence of Type I self-dual codes and Type I formally self-dual
codes is investigated. Self-dual codes of Type I are called singly-even self-
dual and self-dual codes of Type II are called doubly-even self-dual. For-
mally self-dual codes of Type I are called formally self-dual even (cf. [5]).
The minimum weight d of a Type I code of length 2n is bounded by d #
2[n/4] 1 2. A formally self-dual even [2n, n, d] code with d 5 2[n/4] 1 2
is called extremal. For 2n 5 32, 40, 42, 48, 50, 52 and n $ 56, the weight
enumerator of an extremal formally self-dual even code contains a negative
coefficient (cf. [10]). Thus there cannot exist an extremal formally self-dual
even code for these lengths. For self-dual codes, Ward [15] proved that
there exist extremal singly-even self-dual codes for lengths 2, 4, 6, 8, 12,
14, 22, 24 and for no other length. Recently, Conway and Sloane [3] obtained
an improved upper bound for the minimum weight of singly-even self-dual
codes by considering the weight enumerators of the shadows. They also
determined the largest possible minimum weight for self-dual codes of
length up to 72. A self-dual code is extremal if it has the largest minimum
weight for that length.
A symmetric 2-(v, k, l) design D is an incidence structure consisting of
v points and v blocks with the property that any block is incident with k
points and any two blocks are incident with exactly l common points.
This note considers only nontrival symmetric designs. A design D can be
represented by its incidence matrix M 5 (mij), where mij 5 1 if the ith
point is incident with the jth block and mij 5 0 otherwise. Two symmetric
designs are isomorphic if the incidence matrix of one design can be obtained
from the incidence matrix of another by permuting its rows and columns.
A design obtained by interchanging the roles of points and blocks of a
design D is called the dual design of D. A symmetric design is self-dual if
the dual design and the initial design are isomorphic.
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In this note, the existence of self-dual codes and formally self-dual even
codes is investigated. In Section 2, a construction is presented for self-dual
codes based on extending generator matrices. Using this method, a singly-
even [70, 35, 12] code is constructed from a self-dual code of length 68.
This code is the first published example of a singly-even self-dual [70, 35,
12] code. Section 3 presents constructions of formally self-dual even codes.
Extremal formally self-dual even codes are constructed. The notation and
terminology follow that in [9] for coding theory and [13] for symmetric de-
signs.
2. CONSTRUCTION OF A SINGLY-EVEN [70, 35, 12] CODE
All codes considered in this section are self-dual codes. Conway and
Sloane [3] determined the largest possible minimum weight for length
2n # 72 by considering the weight enumerators of shadows. The possible
weight enumerators for extremal self-dual codes of length 2n # 64 and
2n 5 72 were given in [3]. From Theorem 5 in [3], one can easily determine
the possible weight enumerators for length n $ 66. According to Table I
in [3], the largest possible minimum weight for length 70 is 12; however,
it is easy to see that this is 14, considering the possible weight enumerators
of a singly-even [70, 35, 14] code and its shadow. The possible weight
enumerators for an extremal singly-even [70, 35, 14] code and its shadow
code were first computed in [6]. Unfortunately, the weight enumerator of
the shadow was incorrectly reported. The corrected weight enumerator was
given in [4].
The possible weight enumerators W and S of a singly-even self-dual [70,
35, 12] code and its shadow are of the form
W 5 1 1 2by12 1 (11730 2 2b 2 128c)y14 1 (150535 2 22b
1 896c)y16 1 ? ? ? , (1)
S 5 cy7 1 (b 2 14c)y11 1 ? ? ? ; or
W 5 1 1 2by12 1 (9682 2 2b)y14 1 (173063 2 22b)y16 1 ? ? ? ,
(2)
S 5 y3 1 (b 2 104)y11 1 ? ? ? ,
where b and c are undetermined parameters. The weight enumerators (1)
with b 5 c 5 0 coincide with the putative weight enumerators of an
extremal singly-even [70, 35, 14] code and its shadow. Using the following
construction, a singly-even [70, 35, 12] code is found with weight enumerator
(1), b 5 416 and c 5 1.
134 MASAAKI HARADA
TABLE 1
The Weight Distribution of
the [70, 35, 12] Code C70
Weight Frequency
0 1
12 832
14 10770
16 142279
18 1353320
20 9437352
22 49957193
24 204165154
26 650426976
28 1627816992
30 3221537516
32 5066102223
34 6348918576
36 6348918576
38 5066102223
40 3221537516
42 1627816992
44 650426976
46 204165154
48 49957193
50 9437352
52 1353320
54 142279
56 10770
58 832
70 1
PROPOSITION 2. Let V be a subset of the set h1, 2, . . . , nj such that uVu
is odd if 2n ; 0 (mod 4) and uVu is even if 2n ; 2 (mod 4). Let G 5 [In ,
A] be a generator matrix of a self-dual code C of length 2n, where In is the
identity matrix of order n. Then the following matrix
G* 5 3
1 0 x1 ? ? ? xn 1 ? ? ? 1
y1 y1
.
.
.
.
.
. In A
yn yn
4 ,
where xi 5 1 if i [ V and xi 5 0 otherwise and yi 5 xi 1 1 (1 # i # n),
generates a self-dual code C* of length 2n 1 2.
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Proof. Since G generates a self-dual code, it is sufficient to show the
orthogonalities of the first row and other rows of G*. Let ri be the ith row
of G*. For 2 #i # n 1 1, we have
r1 ? ri 5 (xi21 1 1) 1 xi21 1 ki21 ; 0 (mod 2),
where ki is the number of 1’s in the ith row of A. Therefore G* generates
a self-dual code of length 2n 1 2. n
Remark. Brualdi and Pless [2] considered extensions of self-dual codes
using the concept of shadows. These constructions were improved by Tsai
[14]. We can choose the vector (x1 , . . . , xn , 1, . . . , 1) of length 2n and
a fixed ith row of G with i Ó V as s and s˜, respectively, in Theorem in [14].
Let C0 be the subcode of codimension 1 of C consisting of all codewords
orthogonal to s˜. Then the above self-dual code C* is equivalent to a self-
dual code constructed from C and its shadow with respect to C0 by the
theorem in [14].
A singly-even [70, 35, 12] code is now constructed using Proposition 2.
The code D17 in [3] is an extremal singly-even code of length 68. Starting
with D17, many self-dual codes of length 70 can be constructed using
Proposition 2. Then a singly-even self-dual [70, 35, 12] code C70 can be
found for V 5 h1, 2, 3, 4, 5, 27, 28j. G70 is the generator matrix of C70 and
the weight distribution of C70 is given in Table 1. It follows from Table 1
that the weight enumerator of C70 is (1) with b 5 416 and c 5 1.
The existence of a singly-even self-dual [70, 35, 12] code was a open
question in [3]. Sloane [12] and Scharlau [11] have indicated in private
communications that the first singly-even self-dual [70, 35, 12] code was
found by D. Schomaker, but this result was not published. In fact, no self-
dual [70, 35, d $ 12] code appears in the literature, so that the code C70 is
the first published example. Since the largest possible minimum weight is
14, C70 is not extremal; however, C70 has the largest minimum weight among
all known self-dual codes of length 70 and is a 5-error-correcting self-dual
code. In [3], Conway and Sloane determined all lengths for which there
exist 2-, 3-, and 4-error-correcting self-dual codes. Moreover, all lengths
except 62 and 70 were determined for 5-error-correcting codes. This con-
struction method may be used to construct an extremal singly-even [62, 31,
12] code from known codes of length 60. Some inequivalent extremal singly-
even [60, 30, 12] codes were found in [3, 7, 8].
3. EXTREMAL FORMALLY SELF-DUAL EVEN CODES
This section considers the existence of some formally self-dual even codes
which are not self-dual. Recently, Kennedy and Pless [5] studied formally
self-dual even codes, and they also presented methods for constructing
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formally self-dual even codes. In this note, a new method to construct
formally self-dual even codes is given.
PROPOSITION 3. Let A be an n by n (1, 0)-matrix such that the numbers
of 1’s in all rows and columns are odd. If there exist permutation matrices
P and Q such that AT 5 PAQ where AT is the transpose of A. Then the
following matrix
[In , A],
generates a formally self-dual even code C.
Proof. Since the number of 1’s in each row of A is odd, C is an even
code. The matrix [In , AT] generates the code C9 which is equivalent to C'.
Since it holds that AT 5 PAQ, C and C9 are equivalent. Thus C is a formally
self-dual even code. n
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A few infinite families of formally self-dual even codes were given in [5].
Any even code with generator matrix of the form [In , B], where B is an n
by n symmetric matrix and pure and bordered double circulant even codes
(see, e.g., [3, 5, 8, 9] for the constructions) are formally self-dual even codes.
It is easy to see that the generator matrices of these codes satisfy the
assumptions of Proposition 3.
The following corollary describes the construction of a formally self-dual
even code from a self-dual symmetric design.
COROLLARY 4. Let M be an incidence matrix of a self-dual symmetric
2-(v, k, l) design.
(i) If k is odd, the code generated by the matrix [Iv , M] is a formally
self-dual even code of length 2v. Moreover, the minimum weight of this code
is at least 4 if k $ 3.
(ii) If k is even, the code generated by the matrix
3
d 1 ? ? ? 1
1
Iv11
.
.
. M
1
4 ,
is a formally self-dual even code of length 2v 1 2, where d 5 ((21)v 1 1)/
2. Moreover, the minimum weight of this code is at least 4 if v $ 3.
Proof. Since the design is self-dual, the resulting code is a formally self-
dual even code in both cases. It is now shown that the minimum weight of
the code is at least 4 in both cases. The weight of a sum of two rows of an
incidence matrix of a symmetric design is 2(k 2 l) $ 2. Thus the weight
of a sum of two rows of the generator matrix is at least 4 in both cases. n
This is then a family of formally self-dual even [2v, v, d $ 4] codes
constructed from self-dual symmetric designs. The smallest nontrivial sym-
metric design with respect to the number of blocks is a 2-(7, 3, 1) design.
Since any two symmetric 2-(7, 3, 1) designs are isomorphic, this design is
self-dual. Using Corollary 4, an extremal formally self-dual even [14, 7, 4]
code C14 is constructed from this design.
Kennedy and Pless [5] state that the existence of extremal formally self-
dual even codes of lengths 36, 38, 44, 46, and 54 is an open question. There
cannot exist linear codes with parameters [36, 18, 10] and [44, 22, 12]
according to the table of Brouwer and Verhoeff [1]. Thus there is no
extremal formally self-dual even code of lengths 36 and 44. The existence
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TABLE 2
Near-Extremal Formally Self-Dual Even Codes
Code 2n n d Construction First row
C24 24 12 6 Bordered 01100000011
C26 26 13 6 Pure 1110100001011
C32 32 16 8 Bordered 010111100111101
C34 34 17 8 Pure 11100010000100011
C36 36 18 8 Bordered 01111101001011111
of extremal formally self-dual codes is still unknown for lengths 38, 46,
and 54.
The existence of formally self-dual even [2n, n, 2[n/4]] codes is now
considered, since there exists no extremal formally self-dual even codes for
2n . 54. We say that a formally self-dual even [2n, n, 2[n/4]] code is near-
extremal. Using Corollary 4, a formally self-dual even code C16 of length
16 can be constructed from an incidence matrix of a symmetric 2-(7, 4, 2)
design, which is a complementary design of a 2-(7, 3, 1) design. Since there
exists no extremal formally self-dual even code of length 16, C16 is a near-
extremal code. Moreover, near-extremal formally self-dual even codes have
been found for lengths 24, 26, 32, 34, and 36 using the pure and bordered
double circulant constructions. For each code, the parameters, the first row,
and the construction are given in Table 2. Note that a formally self-dual
even [34, 17, 8] code is not extremal, but the minimum weight of this code
is larger than that for self-dual codes of the same length.
Table 2 establishes the largest minimum weight of formally self-dual
even codes of length up to 36.
THEOREM 5. The largest minimum weight of any formally self-dual even
code which is not self-dual is known for length 2n # 36.
TABLE 3
The Largest Minimum Weight of Formally Self-Dual Even Codes but Not Self-Dual
2n d Codes Ref. 2n d Codes Ref.
6 2 2 [5] 22 6 $2 [5]
8 2 $3 [5] 24 6 $1 C24
10 4 1 [5] 26 6 $1 C26
12 4 $1 [5] 28 8 $1 [15, 5]
14 4 $3 [5], C14 30 8 $1 [5]
16 4 $1 C16 32 8 $1 C32
18 6 1 [5] 34 8 $1 C34
20 6 $1 [5] 36 8 $1 C36
A SELF-DUAL [70, 35, 12] CODE 139
Remark. The actual values are given in Table 3. The third and seventh
columns give the number of known codes with the indicated minimum
weight and the fourth and eighth columns give the references for the codes.
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